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1 Introduction 

The method of solving equations for the one-particle Green function in the external field 
by the functional integral has been given by Barbashov [1]. A closed solution of the 
particle Green function is effective in studying particle interactions in the infrared and high 
energy regions [2-4]. In this note, we present a generalization of this method to nonlinear 
interactions including the derivative coupling. We consider a scalar field \E'(x) interacting 
with a gravitational field g^i,. The closed solution of the scalar particle Green function in 
the external field g^i, has obtained. To contrast with the work [5] where the problem has 
been considered an additional condition on the field Qf^i, /harmonic condition/ is explicitly 
taken into account in our method. The scalar particle Green function represented by the 
functional integral is used for constructing the scattering amplitude. In the high energy 
region the eikonal representation for the scattering amplitude of the scalar particle in 
the tensor potential is obtained. The Newton potential is considered as an example. 
It is shown that as compared with the scattering on vector potential, the character of 
the gravitational field leads to a more rapid increase in the cross section with increasing 
energy. Discrete energy levels of particles are obtained in the Newton potential. 

2 The scalar particle Green function in an external 
gravitational field 

Let us consider the model of interaction of a scalar field with a gravitational field g^^, 
where the interaction Lagrangian is of the form 



L{x) 
where 



^^'^(a;)9^^(a;)9^^(a;) - m^'^ixf , (1) 



g = detg^^y = det ^/^g^^^x) . 
Variating the Lagrangian (1) leads to the following equation for field \l'(x): 

" -r''{x)d^d, - v/^m^ - d^g^''{x)d,] ^{x) = , (2) 

r^ix) = V^g^^'ix) . 

Equation (2) is conveniently investigated in the harmonic coordinates defined by the 
condition 

d.r'ix) = . (3) 

The harmonic gauge (3) being the analogy of the Lorentz gauge in the electrodynamics 
has led to eliminate the nonphysical component of the tensor field. Taking Eq.(3) into 
account, Eq.(2) yields to: 



g^^{x)idfj,idu — ^/^m^ 



-^ix) = . 



For the scalar particle Green function in the gravitational field we have the following 
equation 

[g'"'{x)id^id^ - v^^^] Gix^ylg^") = -^(^^(a; - y) . (4) 

Equation (4) can be written in an operator form, if one uses the representation of the 



inverse operator [g'^''{x)id^idy 
exponent form 



-gm 
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proposed by Fock and Feynman [7, 8] as an 



GixMgn 



ij^^drexp (^-im' £ ^-g{x, ^d^ + i £ ^'i^, O^df^iO^d^i^d^^ ^^(a; - y) . (5) 

In this notation an exponent, whose the coefficient has noncommuting quantities as 
dfj_{x), g^^ and g{x), is considered as T^-exponent, where ^ plays the role of an ordering 
index. The coefficient of the exponent in the Eq.(5) is quadratic in the differentiation 
operator (9^. However, the transition from T^-exponent to an ordinary operator expression 
/"disentangling" the operators by the terminology of Feynman/ can not be performed 
without the series expansion. But one can lower the power of the operator (9^ in Eq.(5) if 
one uses the following formal transformation [1]: 



expl?^ -sy v->sy-MV 



Cu I Xld'v{v)exp(i I r^(:r,0]-'5.(05.(0 " 2^ / diu^{i)d,{i) ) . (6) 



The functional integral in the right-hand side of the Eq.(6) is taken in the space of 
4-dimensional functions Vf^iC)- The constant Cy is defined by the condition 



from which it follows 



a 



d'^u.exp -I / di[g^^{x, 0] Mi>Ai)] 



-1 



-1 



{det[r^{x,m~"' 



After substituting (6) into (5), the operator exp {—2 j^ u^^{^)d^{^)dS,) can be "disen- 
tangled" and we can find solution of the equation (4) in the form of the functional integral 



G(x,y\gn = -i rfre-*™"- 
Jo 

■5^'Ux-y-2 f\ir])dr]), (7) 



where 



x^ = X — 2 / iy{ri)dri . 



The Fourier transform of the Green function G{x, y/g^'^) has the following form 



i / e*^P -" ^" / dye' 
■ C,J5'vexp ^-^m' j\^[Z^)-l]di{-i) j\r{ydrMi)+P]Mi)+P]u) , (8) 

yii = y + So[^{v)+p\dv ■ 

Eq.(8) is the closed expression for the scalar particle Green function in the exter- 
nal gravitational field. Let us now consider the gravitational field in the linear approx- 
imation, i. e put g^y = Tj^y + h^y where ri^y is the Minkowski metric tensor rj^y = 
diag{l, —1, —1, —1). Rewrite Eq.(8) in the variables h^y{x) after dropping out the terms 
with an exponent power higher than first /i^,y(x)[] 

G{p,q\hn = 
i r dre'^P'-""'^ I dye'^P-'i^y f S^uexp (-i T i^f^iO^^i^d^ + i f M{y^)dd , (9) 



where 



' 2 

m 



M{yd = -^Kivd + HO + P]M0 + PWiy^) ■ (lo) 



3 Eikonal representation for the scattering amplitude 
of the scalar particle on the tensor potential 

In this section we consider the scattering of the scalar particle in the external potential 
h^y. Using expression (9) we find the scattering amplitude F{p,q\h^y) / p and q are the 
particle momenta before and after the scattering respectively / by the following formula: 



Fip,q\hn = lim ip' - m')iq' - m')Gip,q\hn ■ (H] 



Taking into account the identity e"' — 1 = a Jq e^"'d\, we subtract from G{p,q\h^'^)t\ie 
free Green function Go{p, q) = {2tt)'^6^{p — q)/p'^ — q^ which does not give contribution to 
the scattering amplitude (11). As result, we obtain 

F{p, qlh"^) = lim (/ - m2)(g2 _ m^)i r e^Ty f ^^^^(p^-m^)r . 



"Lagrangian (1) in the linear approximation to /i^'' has the form L(x) — Lq + Lint , where 



1 

—I 
2 

1 



L^nt{x) = --h^^x)T^,, 



T^,u{x) = d^^{x)d,^{x) - ^'n^y[d'^-^{x)d^^{x) - m'^-'] 



T)ii/(2;)-the energy momentum tensor of the scalar field. 



J 6^uexp[-i r u^iOiy^iOd^] f dTM{y^) f dXe'^^o '^^'^y^^ , (12) 



where T = p — q. 

Changing in Eq.(12) the variables 



rn 
y = y' -2pr]-2 / v{'q')dr]' , 

JO 

^(0 = ^'(0-(p-g)^(^-0, (13) 

and using the relation [9] 

limza/ dre^"-— /(r) = /(oo) , (14) 

we pass to the mass shell. Finally the scattering amplitude has the form 

F{p,q\h^"') = 

dye'^y / 6^uexp{-i / z/^(O^/'^(O^e)M(i//0) / d\exp[t\ / t/eM(t//0], (15) 

J J —oo Jo J —oo 

where 

777, /"C 

iV^(l/IO = ^/^(;[y + 2pe{0^ + 2q0{-O^ + 2 / u{r^)dv] + 
2 Jo 

HO + pOiO + qO{-0]MO + pO{0 + qO{-0]u ■ 

■ h^-'ly + 2p9{0 + 2g^(-0e + 2 f^ u{r])dri] . (16) 

Jo 

For the calculation of the functional integrals we use the straight line path approxima- 
tion [3,4, 10], i. e. we assume that in the high energy particle scattering on the smooth 
potential h'^", one can be neglect the dependence on the functional variables I'nir])- In 
other words, it is considered that the main contribution to the functional integral (15) 
comes from a trajectory particle moving freely from the momentum p with ^ > to the 
momentum g*with ^ < and passing via the point y with ^ = 0. 

To simplify, we consider the case when the potential does not depend on the time-.h'^'' (y) 
h^'^{f,t) = h'^'^. Therefore, for the scattering amplitude we obtain the following closed 
expression! 

F{p,q)=2{2nYSipo-qo)f{p,q), 



t the amplitude f{p, q) is normalized by the relations 

47r , „, ^ da 



0-= r^J^fiv^P)^-^ = l/(P'9)P- 
\p\ all 



/(P, ?) = ^ / rfre^'"^M'(r70) £ d\exp[t\xi^], (17) 



where 



2 '^^ ^ 4' 



M'im = I — /^:;(r) + 7 [p + qllp + q]uh''''{f^ 



2 |p 



1 C^ TTl^ 

Xo(r) = TTT^ / c?s[( — /i::(f + p^(s)s + qei-s)s)] + 

Z I p I J— oo Z 

rfs([j9^(s) + g^(-s)]^[p^(s) + g^(-s)],/i''"(f+j9^(s)s + g^(-s)s)) , (18) 



p = 1^. In the case of weak gravitational field, the tensor h^'^ has the form [11] 

/i°°(f) = 20(f) , 

h^f'ir) = 25^p<Pir) , (19) 

/iO"(f) = /i"0(f) = , 

(a, /5= 1,2,3). 

Since we consider the high energy scattering, the first term in Eq.(18) for Xo(f) can 
be neglected in comparison with the second one. As a result, we have 

f{p, l) = ^J dre^'ivl + f)m £ dXexp{tXxo{r)) , (20) 

where 

1 f^ 
Xo{r} = -— / ds{p^+f)(l){f+ps) . (21) 

I p I J-oo 

We direct the axis z along the momentum p, but we place the x axis into the plane 
defined by the vectors p and q. In this coordinate system, for the phase (21) in the 
presence of small angles ^ <^ 1 we obtain the following expression: 

2p2 / (■oo /-O 

Xo(po, f) = ^°| ( / ds(p{x, y, z + s) + / ds(j){x + ssinO^y^z + s cos ( 

Vz \Jo J-oo 



2Po r , J., , N 2p2 



oo 



rfs0(x, y, z + s) = ^^ / dz(l){r) . (22) 

Pz I "'-oo I Pz I "'-oo 

At small angles the momentum transfer is nearly perpendicular to the 2;-axis therefore, 
in Eq.(20) it can put expiiTr) = expiiT^x + Tyy). Integrating over dz and d\ with taking 
account of (22), we find the Glauber-type representation for the scattering amplitude [13] 

/(P, q) = -^ / rf'^e*^" (exp[^Xo(po, b)] - l) , (23) 

where b = {x,y,0), and the eikonal phase XoiPo^b) is determined by Eq.(22). Let 
us consider the Newton potential as limit of the Yukawa potential when /i — i> 0, (f){f) = 

5 



({kMe ^''-'/rj = (—kM)/r, where k is the gravitational constant, k = 6.10 ^^rrip and 

M the mass creating the potential. In this case an eikonal phase (22) get the following 
form 



where /5 = ^J^.p?. , i^nfMl^) = t- f (i^/c i C-'—r-is the Kelvin function of the zeroth order. 
For the scattering amplitude, we have the following expression: 

^(^- " = -^ / '^'^ (-pi-4 / ^^*-|t?i - ^ I ■ (^^' 

Calculate the integral (25), preserving only the terms which does not disappear when 

where t = —T]_; C is the Euler constant. The phase diverging when /x — > in (26) caused, 
it is well known, by the long-range of action of the Newton potential [14]. From comparing 
(26) with the result of the work [10], devoted to the consideration of scattering of the scalar 
particle by the vector potential, one may conclude that (ygrav./<^vec. ~ (/i;^M^/e^)pg. The 
poles of the amplitude determined by Eq.(26) give the discrete energy levels of particles 
in the Newton potential 

k'^w?M{m + M) 1 
En = j-^ 2 ' y^'> 

n= 1,2,3,... 

If in the Eq.(27) we put m = M ^ i^nudon, we obtain the energy of the ground state 
equal to 

El = 9,4.10"™e\/ . 
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